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Just as non-commutative gauge theories arise from quantising open strings in a large magnetic
field, non-Abelian two-form gauge theories may conceivably be constructed by quantising open
membranes in a large three-form magnetic background. We make some observations that arise in
following this strategy, with an emphasis on the relation to the quantisation of volume-preserving
diffeomorphisms (vpd). In particular, we construct consistent non-Abelian interactions of a two-form
in 3+1 dimensions, based on gauge invariance under vpd.
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Of the many mysteries surrounding the theory formerly
known as string theory, the dynamics of the five-brane is
perhaps the most intriguing. While a single type IIA or
M5 brane supports a free self-dual two-form gauge field
on its world-volume, together with five transverse scalar
degrees of freedom and their fermionic partners [1], the
case of N five-branes at small separation is much less un-
derstood. Analogy with the case of coinciding D-branes
and duality with ALE singularities in type IIB string
theory suggest that the chiral multiplet now transforms
in the adjoint representation of a spontaneously broken
U(N), with the open membranes stretched between two
five-branes playing the roˆle of stringy W bosons on the
five-brane worldvolume [2]. This picture is at best sug-
gestive however, since the quantization of the membrane,
if at all sensible, is still beyond reach (see [4] for a review
of recent attempts however). Disregarding the funda-
mental origin of these low-energy degrees of freedom, no
consistent local theory of interacting non-Abelian self-
dual two-forms has been found to date, in line with no
go theorems [5]. The nature of the U(N) non-Abelian
symmetry itself is unclear, since anomaly and entropy
considerations hint at N3 degrees of freedom rather than
N2 as expected on a naive perturbative basis [6] – an
admittedly unwarranted expectation due to the absence
of a tunable coupling.
On the other hand, recent progress in the under-
standing of D-branes in background fields has taught
us that non-Abelian dynamics arise even at N = 1, in
the presence of a strong background magnetic or elec-
tric field [7]. Indeed, the effects of the higher-derivative
Born-Infeld couplings can be resummed by going to a
non-commutative description, where the U(1) gauge in-
variance δaµ = ∂µλ is replaced by a transformation
δaµ = ∂µλ + aµ ∗ λ − λ ∗ aµ formally identical to the
usual Yang-Mills gauge invariance [8]. The Moyal defor-
mation of the ordinary commutative product can in fact
be derived without detailed knowledge of the dynam-
ics of open strings in a magnetic background B = dA:
in the limit of large B, one may retain only the topo-
logical coupling
∫
ΣB from the action of the string with
worldsheet Σ (we omit the pull-back from target space).
This in turn reduces to a coupling
∮
γ
A on the boundary,
hence to a topological quantum mechanical model. For
constant background, the action
∮
BijX
i(τ)[dXj/dτ ]dτ
is Gaussian and first order in time derivatives, and
yields the Moyal product structure for the correlators
〈
∏
i=1...p fi(X(τi))〉 =
∫
dnxf1 ∗ · · · ∗ fp(x). To leading
order, the effect of the strong magnetic field is therefore
to dress the free Maxwell action with Moyal products [8].
From this point of view, it is very tempting to try and
apply the same logic to the M5-brane. In the presence of
a strong magnetic three-form field strength H , the self-
duality equations become highly non-linear [9], and it is
conceivable that these higher-derivative effects may be
resummed in terms of a non-commutative deformation
of the linear self-duality equations [37], hopefully pro-
vided by the quantization of the topological open mem-
brane. If one can furthermore find a matrix realization
formally isomorphic to this non-commutative deforma-
tion, one will have succeeded in producing a non-Abelian
extension – hopefully the only one – of the free tensor dy-
namics. In this note, we present some observations that
arose in following this strategy, in the hope that they
will serve in attaining this goal. Our attempt at quantiz-
ing the topological open membrane is not by any means
the first, see e.g. [11, 12, 13, 14, 15], however we hope
to provide a different perspective on this still unsolved
problem. Our salient result is a consistent deformation
of the dynamics of an Abelian two-form in 3+1 dimen-
sions, which uses the group of volume-preserving diffeo-
morphisms in 3 dimensions as a gauge group, and which
will be presented in the last section. The main message
we want to convey is that the non-Abelian dynamics of
tensor multiplets and the quantization of the open mem-
brane are closely connected to the quantization of the
volume-preserving diffeomorphisms in 3 dimensions, or
rather to its realisation by means of the Nambu bracket.
Topological open membranes. By analogy with the
string, let us consider the dynamics of membranes in the
2background of a strong three-form field H . The cou-
pling of a supermembrane to the background field occurs
through the topological “Wess-Zumino” term
∫
H only,
which for closed membranes simply yields a phase factor
proportional to the flux of H through the 3-cycle [10].
This flux vanishes in the absence of a non-trivial topol-
ogy in target space. Open membranes are charged under
H – however they only exist in the presence of five-branes
on which they can end [2, 3] [38]. The field H is there-
fore the self-dual field strength of the two-form gauge
field living on the five-brane worldvolume, plus the self-
dual part of the bulk three-form gauge field C for gauge
invariance. Due to the non-linear self-duality constraint
on H , one may worry whether a large H limit exists. As
discussed in [11], a generic constant non-linear self-dual
three form H may be written in a particular Lorentz
frame as (a) H = tanhφ dx045 + sinhφ dx123, so that
there is a limit in which the magnetic component H123
becomes very large while the electric component H045
saturates to its critical value [16]. Even though the mo-
tions in the planes 123 and 045 do not decouple due to
the membrane non-linearities, it may be useful to under-
stand the effects of the largeH123 and of the critical H045
fields separately. There also exists a non-generic “light-
like” case (b) H = eφ(dx0 − dx1)(dx23 + dx45), where all
components become large as φ → ∞, although H2 = 0
throughout [17]. With these preliminaries in mind, the
action for an open membrane in the strong H limit re-
duces to, after integrating by part,
S =
∫
Σ
Hijk X
idXj ∧ dXk (1)
where Σ is the membrane boundary, which we shall take
connected for simplicity, and X i are the embedding co-
ordinates of the membrane, fonctions of the worldsheet
coordinates (σ, τ) (X1,2,3 for case (a), orX0−X1, X2,3,4,5
in case (b), since the coordinate X0+X1 decouples). As
noticed in [14], this is also the action for a vortex line
in an incompressible and inviscid 3D fluid such as su-
perfluid He II (after adding in the kinetic energy of the
fluid,
∫
v2d3x where v is the velocity field of the fluid
with vorticity localized along the line) [18]. This ac-
tion is symmetric under general diffeomorphisms on the
worldsheet σ, and under diffeomorphisms preserving the
three-form H in target space – we’ll refer to the latter
as to volume-preserving diffeomorphisms (vpd), or self-
dual volume-preserving diffeomorphisms (svpd) for case
(b). Our hope is that despite the strong non-linearity of
(1), these symmetries will allow to solve for the quan-
tum theory associated to it. This hope is perhaps not
unwarranted, in light of the existence of toy models with
a cubic action which are nonetheless free [19] (see [20]
for an application of these models to the quantum BPS
membrane). The theory (1) has already been considered
from a canonical [11, 12] or Batalin-Vilkovilsky [13] [39]
point of view, however our approach will be rather differ-
ent, and, as in [14], will emphasize the symmetry under
vpd.
Classical dynamics. The equations of motion
Hijk dX
j ∧ dXk = 0 following from (1) imply that
the embedding coordinates X i are fonctions of a single
combination f(σ, τ) of the worldsheet coordinates. Up
to reparameterisation of the worldsheet, one may choose
f = σ − τ , which shows that we are dealing with a
chiral theory. The correlators of vertex operators such
as eikX(σ, τ) will therefore be holomorphic in z = σ − τ ,
with possible monodromies in the z plane. More con-
veniently, we may choose f = σ, and think of τ as the
time coordinate: in the absence of sources, the solutions
of the equations of motion are therefore static loops γ of
arbitrary shape in target space. This is analogous to the
statement that charged particles in two dimensions are
frozen at a point in the presence of a strong magnetic
field. The staticity is also a consequence of the invariance
by time reparameterization, which implies a vanishing
Hamiltonian. The canonical treatment of this system
in case (a) was carried out long ago in the context of
vortex lines in superfluids [21], and rediscovered many
times since then. Since the time derivative appears in
first order, the phase space is restricted by the primary
constraints Ci = πi − HijkX
j∂σX
k = 0 [40]. The
total momentum Πi =
∫
dσ πi = Hijk
∫
S
dXjdXk is
therefore equal to the flux of H through the surface S
bounded by the loop in target space. As in the case of
dipoles in a magnetic field, the size of the membrane
increases proportional to its linear momentum. Of the
three constraints Ci, the two orthogonal to ∂σX
i are
second class, while C = Ci∂σX
i is first class, being the
generator of the spatial diffeomorphisms. One may treat
all constraints as second class (i.e. restricting the phase
space of the system) by introducing a fourth constraint
C0 = 0 fixing the spatial diffeomorphisms, such as
C0 = X
3 − g(σ) [41]. Neglecting global issues, one may
set g(σ) = σ, and obtain the canonical Dirac brackets
[X1(σ), X2(σ′)] = δ(σ − σ′) . (2)
The embedding coordinates are therefore pointwise non-
commutative, hence the name “non-commutative string”
given to the topological open membrane by the authors
of [11, 12, 15]. One may however legitimately worry that
all the interesting part of the dynamics lies in the global
issues. Alternatively, one may consider reparameteri-
sation invariant observables only. Those take the form
J(A) =
∫
γ
Ai[dX
i/dσ]dσ where Ai is a one-form gauge
field in target space. Upon coupling to J(A) at time
τ = 0, the equations of motion becomeHijk∂σX
j∂τX
k =
Fij∂σX
jδ(τ) where Fij = ∂iAj − ∂jAi is the curvature
of A. For d = 3, where Hijk = Hǫijk, this implies that
[X i]0
+
0− =
1
2ǫ
ijkFjk/H , meaning that the loop has moved
3by the action of the diffeomorphism generated by the
vector ξ = ∗dA/H . It is essential to recognize that this
diffeomorphism is divergenceless, d ∗ ξ = 0, i.e. it pre-
serves the volume form H . Indeed the Dirac bracket of
the operators J(A) may be readily computed, and reads
[J(A), J(A′)] = J(A′′) (3)
whereA′′ is the vector potential associated to the volume-
preserving diffeomorphism generated by the Lie bracket
[ξ, ξ′] [21]. The open topological membrane therefore
classically furnishes a representation of the algebra of
volume-preserving diffeomorphisms.
Quantisation. In order to understand the structure of
the Hilbert space of the topological membrane, let us go
back to the case of a charged particle in the limit of a
strong magnetic field. The classical trajectories consist
of Larmor orbits of vanishing radius as the magnetic field
goes to infinity. Quantum mechanically, only the lowest
Landau level remains, corresponding to a Gaussian wave
packet around the origin, with infinite degeneracy (in
unbounded geometry) arising from the action of area-
preserving diffeomorphisms moving the origin around.
In the present case, the classical configurations are now
static loops, which can be moved and deformed from one
into another under the action of the volume-preserving
diffeomorphisms, so long as the topological invariants of
the loop are preserved. One may thus foresee an Hilbert
space consisting of all topological types of knots, with a
degeneracy generated by the group of vpd, together with
harmonic degrees of freedom around each loop, of infinite
energy in the limit under consideration. The quantisation
of the topological membrane thus amounts to the quan-
tisation of the group of vpd (this point of view is also
stressed in [14]). Unfortunately, the quantisation based
on the canonical commutation rules (2) leads to singu-
larities in the correlators 〈
∏
i J(ζie
ikiX
i
)〉 whose proper
treatment is rather unclear. In addition, the quantisation
of the group of vpd stricto sensu is known not to exist:
the cohomology group H2(G,G) classifying deformations
at leading order is non-trivial, but the corresponding de-
formation is obstructed at second order [23]. It is con-
ceivable however that the structure to be deformed is not
precisely the group of vpd, but a structure equivalent to
it in the classical regime, as we now discuss.
Vpd and Nambu dynamics. We have seen previously
that a volume-preserving diffeomorphism in 3 dimensions
can be written as the divergence of a one-form, ξ = ∗dA.
By a slight extension of the Darboux theorem, it is also
possible to locally represent the two-form ∗ξ as a prod-
uct dH ∧dK, where (H,K) are a pair of symplectic local
coordinates. The diffeomorphism ξ then acts on fonc-
tions on the three-dimensional “phase space” (x1, x2, x3)
through the Nambu bracket [24],
δξF = {H,K,F} := ǫ
ijk∂iH∂jK∂kF (4)
analogous to the Poisson bracket for area-preserving dif-
feomorphisms. This bracket is a completely antisym-
metric linear fonction of its arguments, and satisfies the
derivation property
{f1f2, f3, f4} = f1{f2, f3, f4}+ {f1, f3, f4}f2 (5)
and the so called Fondamental Identity [25]
{{f1, f2, f3}, f4, f5} + {f3, {f1, f2, f4}, f5} (6)
+{f3, f4, {f1, f2, f5}} = {f1, f2, {f3, f4, f5}}
generalizing the Jacobi identity of the Poisson bracket.
As is well known, this structure was introduced by
Nambu as an alternative way to construct dynamical sys-
tems satisfying the Liouville property, ie the conservation
of probability on phase space [24] (see [26] for an applica-
tion to the quantization of strings). Such systems satisfy
the evolution equation
dF/dτ = {H,K,F} (7)
for a pair of fixed generalized Hamiltonians (H,K) and F
a function on phase space. Interestingly, these equations
of motion follow from an action functional[25] [42]
S =
∫
dσ dτ
(
ǫijkX
i∂σX
j∂τX
k −HdKdτ
)
, (8)
analogous to the action S =
∫
pdq − Hdt in Hamilto-
nian dynamics, which in the case of vanishing generalized
Hamiltonians H = K = 0 is precisely our topological
membrane action (1). The quantisation of the topologi-
cal membrane is therefore equivalent to the quantisation
of Nambu dynamics. In particular, one would like to
find an analogue of geometric quantisation in which the
Nambu bracket is deformed while preserving its funda-
mental properties - due to the ambiguity in the choice of
Hamiltonians (H,K) for a given diffeomorphism ξ, this
question is not strictly equivalent to the quantisation of
vpd, so that the no go theorem in [23] may hopefully be
evaded. An number of attempts at this problem have
been made [25, 27, 28, 29], but those constructions, with
the possible exception of the one based on Zariski quan-
tisation [30], have to drop some of the requirements im-
posed on the Nambu bracket, and seem rather ad hoc. It
is a challenge to derive them from a proper quantisation
of the topological open membrane.
Clebsch parameterisation and Chern-Simons the-
ory. In the previous section, we have argued that a di-
vergenceless field in 3 dimensions can be parameterized
either by a gauge field, ξ = ∗dA, or by a pair of scalar
4fields up to canonical transformation, ξ = ∗dH ∧ dK.
This implies that A−HdK is closed, so that any gauge
field A can be represented locally in terms of three scalar
fields (L,H,K) as A = dL + HdK. This is a familiar
representation in incompressible hydrodynamics, known
as the Clebsch parameterisation of the velocity field ξ
(see e.g. [31] for a discussion of this representation). The
Chern-Simons invariant I =
∫
A ∧ dA of the Abelian
gauge field A is known as the total helicity, or asymptotic
Hopf invariant [32], and is conserved in a perfect fluid.
Expressed in terms of the Clebsch parameterisation, it
becomes I =
∫
dL ∧ dH ∧ dK, our familiar membrane
action again ! This seems to indicate that the quantum
membrane is equivalent to Abelian Chern-Simons on a
manifold with a boundary, or yet equivalently a U(1)
WZW model, on the boundary, i.e. a free chiral scalar
field in two dimensions [43]. Unfortunately, the map
(L,H,K) ↔ A is very singular, the SO(3) symmetry is
non-linearly realized in the gauge field parameterization
and the Jacobian it induces may have a non-trivial effect.
On the other hand, the Chern-Simons theory may be a
sensible definition of an otherwise ill-defined topological
quantum membrane theory.
Vpd and Nambu dynamics in higher dimensions.
Our discussion of volume-preserving diffeomorphisms
and Nambu dynamics has so far been mostly restricted
to the three-dimensional case (a). However the topo-
logical membrane action (1) in principle makes sense in
any dimension, and it is useful to recall some features
of three-form preserving diffeomorphisms in dimension
D > 3. Firstly, note that a closed three-form H has
(D − 1)(D − 2)/2 degrees of freedom; in contrast to the
symplectic case, forD > 4 it can therefore not be brought
into a constant form by a diffeomorphism (however a self-
dual three-form inD = 5+1 has only 5 degrees of freedom
so can be made constant by a diffeomorphism). Second,
assuming H to be constant, for D > 5 it still cannot be
put into a standard form, but still carries moduli under
the group of linear diffeomorphisms Gl(D,R) (for D ≤ 5,
it can be dualized into a form of lower degree and a stan-
dard form exists). Third, for a given constant three-form
Hijk, three-form–preserving diffeomorphisms ξ
i = ζieipx
have to satisfy the relation Hi[jkpl]ζ
i = 0 (i) for all val-
ues of the indices (jkl). In general, such a polarization
ζ only exists for particular momenta p (except again in
D ≤ 5, where H can be dualized into a form of lower
degree). For special choices of H however, satisfying the
quadratic equation Hij[kHlm]p = 0 (ii) resulting from the
elimination of ζi for all pi in (i), there is no constraint on
p anymore, and one can have arbitrary momenta. This
is in particular the case when H degenerates to a single
monomial such as in case (a) above. This is also true in
case (b), where any diffeomorphism f(xi)(∂0 + ∂1) pre-
serves the form H = (dx0− dx1)(dx23+ dx45) (of course,
any area-preserving diffeomorphisms in the (2345) would
also preserve H). Conversely, we could try to define
a Nambu bracket in higher dimension as {H,K,F} =
θijk∂iF∂jK∂kF where θ
ijk∂i ∧ ∂j ∧ ∂k is a three-vector.
This definition automatically satisfies the antisymmetry
and derivation property. However the Fundamental Iden-
tity (6) is only satisfied under special conditions, which
in the case of constant θ reduce to the algebraic condi-
tion θij[kθlmn] = θkj[iθlmn] (iii) [25]. This includes the
degenerate case (a) θ = ∂123 but excludes non decom-
posable tensors such as θ = ∂123 + ∂456 + . . . (in other
words, Nambu dynamics lack extensivity). In particular,
it excludes the lightlike case (b) of interest for the non-
commutative five-brane. It would be interesting to see
if the conditions (ii) or (iii) could be deduced from the
quantum consistency of the membrane action (1), and if
they bear any relation to the non-linear self-duality of the
3-form field strength H on the five-brane worldvolume.
Vpd and non-Abelian two-form dynamics. De-
spite providing some geometrical insight, the observa-
tions we have presented so far have produced few results
on the problem of the quantum topological membrane. In
the last part of this note, we will propose a non-Abelian
deformation of the dynamics of a two-form, based on the
ideas developped before. Our approach is a simple gen-
eralisation of an argument by Susskind and Bahcall in
the context of the Quantum Hall effect, relating the dy-
namics of a perfect fluid in two dimensions to a gauge
theory for the group of area-preserving diffeomorphisms
[34]. Following on their steps, we consider a perfect fluid
in 3+1 dimensions in comoving (Lagrange) coordinates,
L =
∫
d3x dτ
[
1
2
(
dyi
dt
)2
− V
(∣∣∣∣det ∂x∂y
∣∣∣∣
)]
(9)
where yi(x, t) is the position of the fluid particle labelled
by its position at xi at t = 0, where we assume a con-
stant density normalized to 1 and also set the mass to 1.
The potential V describes short-range forces, and is as-
sumed to depend on the local density ρ = | det(∂x/∂y)|
at time t , with a stable minimum at ρ = 1. By con-
struction, this Lagrangian is invariant under volume pre-
serving diffeomorphisms of the labelling coordinate xi.
Now we consider small perturbations around equilibrium
at ρ = 1, i.e. sound waves propagating in this per-
fect fluid. We parameterize the fluctuations by a two-
form, yi(x, t) = xi + ǫijkbjk(x, t). Under a volume-
preserving infinitesimal diffeomorphism ξ, the field yi
changes by ξj(x, t)∂jy
i. Parameterizing ξ by a one-form
ξi = ǫijk∂iaj , we find that the two-form b transforms as
δξbij = ∂iaj − ∂jai + {a, bij} (10)
where we employed the bracket {a, f} := ǫklm∂lam∂kf .
Equivalently, we may have parameterized ξ by a pair of
5scalar fields ξi = ǫijk∂jH∂kK, and expressed the varia-
tion of the two-form b as
δξbij = ∂iH∂jK − ∂jH∂iK + {H,K, bij} (11)
where the last term is the Nambu bracket (4). At leading
order in b, we find the usual δb = da gauge variation of an
Abelian two-form, however the transformation receives a
correction linear in b, analogous to the Yang-Mills varia-
tion for non-Abelian or non-commutative one-form gauge
fields. A gauge invariant field strength can be readily con-
structed by considering the Jacobian h123 := ∂y/∂x−1 =
1/ρ− 1, by construction covariant under vpd. In terms
of the two-form b, this is
h123 =
∣∣∣∣∣∣
1 + ∂1b23 ∂2b23 ∂3b23
∂1b31 1 + ∂2b31 ∂3b31
∂1b12 ∂2b12 1 + ∂3b12
∣∣∣∣∣∣− 1
= [∂1b23 + circ] + [{b12, b13}23 + circ]
+{b12, b23, b31} (12)
The leading term is indeed the usual exterior deriva-
tive h = db + . . . , but there are now up to cubic
terms in b, which ensure the gauge covariance δξhijk =
{a, hijk} = {H,K, hijk} under vpd. In the above expres-
sion, {f, g}ij denotes the Poisson bracket in the plane
(ij), i.e. {f, g}ij = ∂if∂jg − ∂jf∂ig.
Expanding the potential V (ρ) to second order around
its minimum at ρ = 1, we obtain for the Lagrangian for
the sound waves described by the two-form b,
L =
∫
d3x dτ
1
2 · 2!
(∂τbij)
2 −
1
2 · 3!
h2ijk . (13)
In addition, one should impose the Gauss constraint re-
stricting the system to the gauge invariant sector. The
conserved charge resulting from invariance under vpd
reads
Q =
∫
d3x
[
∂iaj − ∂jai + ǫ
klm∂lam∂kbij
]
∂tbij (14)
which vanishes for all gauge parameters ai under the
Gauss constraint
Gi = 2∂j∂τ bij − ǫ
ijk∂j∂τ blm∂kblm = 0 (15)
This constraint can be enforced by means of a Lagrange
multiplier b0i, so that the Lagrangian takes the appar-
ently Lorentz covariant form L =
∫
d3x dτ h2µνρ with
h0ij = ∂0bij + ∂jb0i + ∂ibj0 + ǫ
klm∂kb0l∂mbij (16)
Unfortunately, one can show that there is no choice of the
gauge variation δξb0i that renders h0ij gauge covariant,
so that the free Lagrangian needs to be supplemented
by a possibly infinite sum of terms dependent on b0i. In
the temporal gauge b0i = 0 however, the theory based
on the action (13) supplemented by the Gauss constraint
(15) is perfectly consistent, and yields a non-Abelian de-
formation of the dynamics of a two-form in 3+1 dimen-
sions, based on the group of volume preserving diffeomor-
phisms [44]. It would be interesting to see if the algebraic
structure of (10), (11), (12) can be abstracted, and the
group of vpd replaced by other groups such as finite Lie
groups. It is also important to generalize it to 5+1 dimen-
sions, if one is to make contact with the five-brane. As a
possible step in this direction, and prompted by the hy-
drodynamical picture advocated in [36], one may consider
a fluid of strings rather than particles: the same formulae
as above still hold, but for adding a fifth worldsheet coor-
dinate σ, the missing sixth coordinate being presumably
due to the decoupling of the X0 −X1 coordinate in (1).
The effect of a background three-form would then be to
add a coupling
∫
d3x dτ dσ B12∂σB23∂τB31 analogous
to the Chern-Simons term in the Quantum Hall effect.
It will be exciting to see whether M-theory or one of its
avatars, after having tamed the quantum Hall effect, can
also master the quantum vortex in superfluid He II.
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